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Estimating heterogeneous treatment effects is hard

randomised patients

in the subgroup

with an observed event
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Randomised and real-world data

Randomised trial (RCT)

✓ no confounding

× underpowered

× short follow-up

Real-world data (RWD)

× unmeasured confounding

✓ large

✓ long follow-up

Challenges for data fusion:

difference in baseline prognosis, measurement protocol and censoring.
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Motivating example: antiretroviral therapy for HIV

Combination therapy vs.

zidovudine (ZDV) therapy.

ACTG 175 — RCT
n = 1771, randomised, ∼3 years,

right-censored

MACS — RWD
n = 373, observational, ∼25 years,

interval-censored
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Estimand: the acceleration factor

Notation:

� S : source, RCT (1) or RWD (0)

� A ∈ {0, 1}: treatment

� X : covariates

� T (a): potential survival time

Treatment effect on the log-time scale:

τ(x) = E
[
logT (1)− logT (0) | X = x

]
.

0

0.5

1

× eτ(x)

time

S
(t
)

control

treated

eτ(x) = 2 ⇒ median survival doubles.
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Assumptions

We assume consistency, positivity and conditionally independent censoring.

Unconfoundedness in the RCT. T (a) ⊥⊥ A | X , S = 1.

Transportability. The treatment effect is the same in both sources:

E
[
logT (1)− logT (0) | X = x , S = 1

]
= E

[
logT (1)− logT (0) | X = x , S = 0

]
= τ(x).
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The confounding function

In the RWD, the observed contrast differs from the treatment effect by the confounding

function:

c(x) = E[logT | x ,A = 1,S = 0]− E[logT | x ,A = 0,S = 0]︸ ︷︷ ︸
observed RWD contrast

− τ(x)

Proposition. The conditional log survival time decomposes as:

E[logT | A, X , S ] = m0(X ,S) + τ(X )A + (1− S)A c(X ),

where m0(X ,S) := E[logT | A = 0, X , S ] is the baseline log survival time.
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The Bayesian fusion forest

We split the baseline into a shared part and a source deviation to allow for source-specific

heterogeneity:

m0(X ,S) = msh
0 (X ) + (1− S) d(X ).

We model:

logT = msh
0 (X )︸ ︷︷ ︸

shared baseline

+ (1− S) d(X )︸ ︷︷ ︸
source deviation

+ A τ(X )︸ ︷︷ ︸
treatment effect

+ (1− S)A c(X )︸ ︷︷ ︸
confounding

+ ε,

� Each function receives its own BART prior, with regularisation tuned to its causal role.

� The errors ε follow a hierarchical Dirichlet process mixture with source-specific weights.
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Simulation study

RCT (n = 150, right-censored) and RWD (n = 350, interval-censored), p = 10 covariates.

We vary the unmeasured confounding in the RWD, and compare against RCT-only and

RWD-only analyses.

Do we gain over

the RCT alone?

Do we stay unbiased when

the RWD is confounded?
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Simulation study
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Posterior of the heterogeneous treatment effects
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Posterior probability of benefit

Posterior probability of benefit,

P(τ(xi ) > 0 | data), over the trial

population.

The trial alone leaves a quarter of

patients inconclusive.

The fusion finds benefit for nearly

everyone, with a slightly smaller

average effect.

0 0.2 0.4 0.6 0.8 1

Fusion

Trial-only

fraction of patients

> 0.99 0.95–0.99

0.75–0.95 0.25–0.75

< 0.25
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Who benefits most?

CD8

CD8 CD8

race race race

1.45

n = 124

1.51

n = 381

1.60

n = 330

1.65

n = 107

1.72

n = 425

1.76

n = 178

1.83

n = 599

≤ 800 > 800

≤ 650

> 650

≤ 1065 > 1065

non-whitewhite non-whitewhite non-whitewhite

Posterior projection of τ onto a single decision tree.

12



Take-aways

� No unconfoundedness in the RWD. A confounding function absorbs the bias; the

treatment effect transports across sources.

� A separate prior per causal component. Each forest is regularised for its role.

� The payoff. Unbiased under confounding, less posterior variance than an RCT-only

analysis, and a benefit for nearly every HIV patient where the RCT alone was inconclusive.
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Thanks for your attention!

Paper

Preprint on arXiv.

R package FusionForests

on GitHub and CRAN.

Stay up to date

tijn-jacobs.github.io

This project has received funding from the European Research Council (ERC) under the European Union’s Horizon Europe

program under Grant agreement No. 101074802. Views and opinions expressed are however those of the author(s) only and do

not necessarily reflect those of the European Union or the European Research Council Executive Agency. Neither the European

Union nor the granting authority can be held responsible for them.
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Assumptions

1. Consistency. A = a ⇒ T = T (a), C = C(a).

2. Unconfoundedness of the RCT. T (a) ⊥⊥ A | X , S = 1.

3. Positivity. 0 < P(A = 1 | X = x , S = s) < 1.

4. Cross-source transportability.

E[logT (1)− logT (0) | X ,S = 1] = E[logT (1)− logT (0) | X ,S = 0].

5. Conditional independent censoring. T (a) ⊥⊥ C(a) | X , A, S .



BART in one slide

x1 < 0.7

x2 < 0.6 h1

h2 h3

Yes No

Yes No

x1

x2 h1

h2

h3

f (x) =
J∑

j=1

g(x ; Tj ,Hj)

A sum of J shallow trees. Depth-penalised prior α(1 + d)−β ; Gaussian step heights of scale k.



A ladder of regularisation

flexible rigid

msh
0

J = 200, β = 2

d

J = 50, β = 2

τ

J = 100, β = 3

c

J = 50, α = 0.25, β = 3

� msh
0 enters every observation ⇒ let it be complex.

� d is mean-zero ⇒ the prior centres on equality of the two baselines.

� τ shrunk towards a homogeneous effect.

� c shrunk towards a constant bias: it comes from what we did not measure.



Error distribution: hierarchical Dirichlet process mixture

Protocol, follow-up quality and extreme

outcomes differ between sources.

Hierarchical Dirichlet process mixture:

G∗ ∼ DP(γ,H), G∗
s ∼ DP(Ms ,G

∗).

� Shared mixture components.

� Source-specific weights.

� Centred, so E[ε | S ] = 0.

shared atoms θ∗
kε

d
en
si
ty

trial F1

RWD F0



Posterior computation

msh
0 , d τ , c HDPM error

augment

(L,R, δ)

� Blocked Gibbs: each forest is updated on its partial residual, a standard BART step.

� Censored Ti imputed as latent variables (Tanner & Wong, 1987).

� Average effects by hierarchical Bayesian bootstrap over the target covariate distribution.



Comparison with flexible machine learning

Four predictors × {S, T} ×
{trial, pool}.

None targets a causal contrast;

none can separate τ from c .

Only the fusion forest lands in

the good corner: lowest RMSE

and nominal coverage.
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Varying the covariate dimension p
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Varying the between-source heterogeneity λd
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All three estimators are flat in λd : the deviation forest absorbs the gap.



Identification of the causal effect

trial contrast

RWD contrast

= τ(x)

= τ(x) + c(x)

subtract ⇒ c

The RWD alone identifies only the sum.

The non-identifiability of the causal effect from the RWD is structural and cannot be resolved by collecting

more data.



Full model

logTi = msh
0 (Xi ) + (1− Si ) d(Xi ) + Ai τ(Xi ) + (1− Si )Ai c(Xi ) + εi ,

msh
0 ∼ BART(200, ksh, 0.95, 2),

d ∼ BART(50, kd , 0.95, 2),

τ ∼ BART(100, kτ , 0.95, 3),

c ∼ BART(50, kc , 0.25, 3),

εi | Si = s ∼
∫
σ−1
s ϕ

(
(w − θ)/σs

)
dGs(θ),

Gs =
∑

k πsk δθ∗
k −µs ,

G∗
s | G∗,Ms ∼ DP(Ms ,G

∗), G∗ | γ ∼ DP(γ,H), H = N (0, σ2
θ),

γ ∼ Gamma(aγ , bγ), Ms ∼ Gamma(aM , bM), σ2
s ∼ νλ/χ2

ν .
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